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1 Optimal Policy: Static Ramsey Problem

A Ramsey planner is benevolent. The planner is subject to technology and expen-
diture shocks, and the goal is to finance government expenditure using only distortionary
taxes, with no lump-sum taxes. This is a general-equilibrium setting with implementability

requirements; that is, agents in the economy must have an incentive to realize the allocation.

1.1 (Revisiting) Definitions and Environments

First, we review the notation:

e p is the price vector

e 7z is the exogenous variable vector (technology shocks, government expenditures)
e 7 is the government policies (taxes)

e x is the allocation

Definition 1. A competitive equilibrium is (p,x) given (z, ), where x is feasible, op-

timal for the agents in the economy given (p,z, ) and markets clear.

Definition 2. The solution to the social planner’s problem is an allocation x which is

feasible and maximizes the social welfare function given z

Definition 3. The solution to the Ramsey planner’s problem is (p, 7, x) where x max-
imizes the social welfare function given z, subject to (p,x) being a competitive equilibrium

given (z, )

Proposition 1. If x is a solution to the social planner’s problem given z and there is a p, 7
where (p,X) is a competitive equilibrium given z and m, then (p,m,x) is a solution to the

Ramsey planner’s problem given z

Now, for the environment of the economy, we assume that there are n goods in the economy

produced by labor using a production function
F(l‘l, vy Ly h) <0

e 1;: output of good ;

e h: labor;



e F: a constant-returns-to-scale (CRS) technology;

e Possibility of intermediate goods

e One-good example: F(z,h) =z —h <0.
Consumer’s problem:

max  u(cy,...,Cn, 1 — h) (1)

Cl;---5Cn;

subject to

Zpi<1+7_i>ci =h (2)
Note that here we assume:

e 7; is the consumption tax on consumption good i;
e p; is the price of good i;
e the wage rate is normalized to one;

e the CRS technology implies zero profits for the firm, which are therefore omitted below.

Firm’s Problem:
max szxl —h (3)

subject to
F(x,h) <0 (4)

Because of the CRS assumption, firms earn zero profits.
> pixi=h (5)
i
Government’s budget constraint is:
Zpigi = ZpiTiCi (6)
where (g;)!, are given.

Market clearing requires that for i = 1,2, ..., n:

c + g, = T; (7)



1.2 Competitive Equilibrium

Now, we can formally define competitive equilibrium in this environment.

Definition 4. A competitive equilibrium is a policy w = (7;)!~,, a set of exogenous

government expenditures g, allocations c, h, X, and a price system p such that the following

conditions hold:

e Given 7 and p, ¢ and h solve the consumer’s problem (1), subject to (2).
e Given p, x and h solve the firm’s problem (3) subject to (4)
e T, p,g,c satisfy the government budget constraint (6)

e c, g, and x satisfy the market-clearing condition (7) for every good i.

We assume all necessary concavity, monotonicity, and Inada conditions to ensure that the

FOCs are necessary and sufficient.

Household Lagrangian is:
Ly =u(er,oyny 1 —h) — (A sz'(l + 7;)e; — h)

The first-order condition yields:

u; = A

This leads to the characterization of:

u  pil+m
uj Pl
== pi(1+7)
— =D Ti
uy P

For the firm,
Ly= sz‘% —h — pF (21,29, .. Ty )

(11)
(12)

(13)



FOC yields:

pi = pk; (14)
Thus, we have
Fi .
pl = —Fhv'l = 1’27 ...,n (16>
F(zy,z9,...,2,,h) =0 (17)

Then the full characterization of a competitive equilibrium is as follows:

Definition 5. (Competitive Equilibrium) Given {7;, ¢;}, the equilibrium is a sequence {x;, ¢;, p; }"_;
and h such that

— =p(1+71)Vi=1,2,...n (18)

Zpi(l +Ti)ci =h (19)

Fi .
pl——Fthzl,Z.. N (20)
F(z1,29,...,2,,h) =0 (21)

1.3 Optimal Policy

Let IT be the set of policies that the government can choose 7 from for which a CE exists.
For every 7 € I, the allocations c(r'), x(7' ), h(n') and price p(7') and the policy 7 consti-

tute a competitive equilibrium, given g. Now a formal definition of Ramsey equilibrium.

Definition 6. A Ramsey Equilibrium is a policy 7 € II, allocation rules c(n'), x(7),

h(r') and price p(7') such that policy 7 solves max._/ p; u(c(m'), h(r')).
Alternatively, given g,

{<Ti)?:1a (Ci)?:la (l‘i)?:lv (pi>?:17 h} = arg maxhu(cl, C2y vey Oy 1 — h) (23)

7r7p7xﬂc)

subject to (18) - (22).



Ramsey Planner’s Problem: An Overview Generally, there are two approaches to

solving (23):

e Dual approach: choose policies under which households optimize and social welfare is

maximized.

e Primal approach: convert the problem into one in which the only choice objects are

allocations and equilibrium is represented by the implementability constraint.

We are going to illustrate how to solve the Ramsey problem by the primal approach. The
basic idea is to express the price and policy vectors in terms of allocations and do the Ramsey
planner’s maximization problem (23) in the allocation space only. In order to implement
this idea, we need to understand what conditions make a particular allocation x part
of a competitive equilibrium. It sounds complicated, but eventually we will figure out
that x only needs to satisfy two conditions: feasibility and implementability, to make

itself part of a competitive equilibrium.

Derivation of Feasibility Constraint We define the feasibility constraint by substi-
tuting (22) into (21):
Fle1+ g1y -oes6n+ gny,h) =0 (24)

Note:

e ¢; are not considered as policy in the current setup; they are taken as exogenous

variables;

e Essentially, this is the resource constraint.

Derivation of Implementability Constraint We define the implementability con-

straint by substituting (18) into (19) and multiplying both sides by w;:
Z u;c; —uh =0 (25)

Note:

e Here, we replace the price-and-policy terms p;(1 + 7;) in the consumer’s budget con-
straint with the marginal rate of substitution between good ¢ and leisure, which depends

only on allocations.

e This is necessary for the allocation to be part of a competitive equilibrium because

equilibrium prices must equal the corresponding marginal rates of substitution.



Where have all the prices gone? Before discussing the Ramsey planner’s optimization
problem, I explain how to recover prices from allocations. For an allocation to be part of a
competitive equilibrium, there must be a price vector that justifies it.

It turns out that it is sufficient for us to know the optimal allocation only because as long

as we know what the optimal allocation is, we can back out prices and optimal policies easily

from the optimal allocations:

e First, notice that Equation (20), the optimality condition for the firm (reads “marginal
rate of technological substitution equals to relative price of inputs”), allows us to back

out the price vector p from the allocation x.

e Furthermore, combining (18) and (20), we can back out the optimal policy from optimal
allocation:

Fpu; .
l4rm=—t2 =12, 2
+ T o ) n (26)

We usually call (26) the policy that implements optimal allocation in a competitive

equilibrium, or simply “optimal policy”.

Alternatively, the implementability constraint can also be derived from government

spending side. Note that we can combine ¢; + ¢; = x; with ). piTic; = >, pigs, and get
Zpixi = sz'(l +7i)e

Combine this with (4.18) and ), p;x; = h(4.5), the CRS result from production function F,

we get:
u<
> =
AL

Multiply both sides by u; we get:
Z u;c; —uh =0

Now, we can leave out 7 and p as choice variables from the problem because now given
other variables, those two are defined through the constraints. The following results are

immediate:

Proposition 2. (Necessity and sufficiency of feasibility and implementability.) Any alloca-
tion x in the CFE satisfies the feasibility constraint (24) and the implementability constraint
(25). Furthermore, given allocations that satisfy (24) and (25), we can find a price system p



and a policy w such that allocation X is part of a competitive equilibrium under price p and
policy m. Prices are defined by (20), and policy 7 is defined by (26).

Proposition 3. The Ramsey allocations (c, h) solve the Ramsey problem, which is to choose
c, h to maximize u(c,1—h) subject to the feasibility constraint (2/) and the implementability

constraint (25).

1.4 Solving Ramsey Problem

Ramsey problem is:

max  u(cy, ..., Cp, h)

Clye-y Cn,

subject to

F(ei4+ g1y -os6n 4 gn,h) =0

Zuici —uh =0

We assign A to IC, and v to FC. Lagrangian:

L Ramsey = w(C1, ..., Cp, h) — A(Z wic; —wh) —vF(e1 + g1y ooy Cn + Gy h)

FOC yields:

= ’YE + A Z UjiCj + /\u,, — )\ul,h

J

Uy = /\ZUlej + )\(ul - u”h) — 'YFh

J

These can be simplified to

J

(1= Nu+ A e — Mugh = yF, =0 (28)

J



For algebraic simplicity, we define:

Zj ujicj — ulih

H; = 29
. (29
“wjci — upgh
Hl _ Z] jl&y i (30)
U
This simplifies (27), (28) to
—(1 — )\)Ul + )\Hlul = ’)/Fh (32)

There are 4 results that we will go into some details:
o If H, > Hj, then 7; > Tj

e If the utility function is separable and linear in leisure (quasi-linear), goods whose price

elasticities of demand are higher are taxed less, i.e. GE result same as PE result

e Uniform commodity taxation If ¢; enter the utility function homothetically, then

7; = 7 for all ¢

e Non-Taxation of Intermediate Goods: It is optimal to not tax intermediate goods

Result 1

By combining (31) and (32), we get:

LA+ Muw B
(1—)\—)\Hl)ul Fh
L+ MNH; + H)) u _ F
1_/\_)\Hl Uug N Fh
Recall from (26), we have
l4g——2hM iy
Ty = Eulv Dkt

Combining these we get the condition under which optimal policy 7; must satisfy:

14 AMHi+H) 1
1= AN=)\H, 1+
)\(Hl—i—Hl) o T;

1—A—)\H, 1+



Then take j # 7, we have:

MNHi+Hp) T 1
].—/\—/\Hl - 1+7; - 1+1/7’i
)\(Hj+Hl) _ T 1
1-A\—=)\H; - 1475 - 1+1/Tj

Hence

Hi—|—Hl . 1+1/7’j
H;+H, 1+1/7

Hence, it is clear that if H; > H;, we have 7; > 7;.

Result 2: Higher Taxes on Goods with Inelastic Demand

By assumption, the utility function takes the form of:

u(cy, .y Cpy 1 — h) = Zvi(ci) + (1 —h)

i

Then by our definition,
v; (e5)ci
vi(e:)

since u;; = 0 for ¢ # j, by additive separability.

H, =~

Recall that the price elasticity of demand for good ¢ is defined as:

e/}
i _ G
= "o

pi

Now, going back to CE result, we have the household’s FOC being;:

(33)
(34)

From A = 1 (from your micro class: if you work with a quali-linear utility, then all the

income effects are absorbed by the linear good, which is essentially what A = 1 is saying),

10



we plug it into the FOC on ¢; and apply implicit function theorem with respect to p;:

ov;(c;) O

. =(1+m
8ci (9]9Z ( + T)
— //( ) aCZ‘ (1 4 )
v; (Ci) - = T
‘ Ip;
" dc;  pi Di
= v, () — —=(1+mn)—
(9pi C; C;
—_——
=—¢} =v'(¢;)/c;
o 1 1
&= "7 = 7
p v, (¢i)c; H;

v, (ci)

Then, by Result 1, if good ¢ is more price elastic than good j, then 6; > e;{; > 0, then
0 < H; < Hj. Then 7; < 7. The government should levy higher taxes on more demand-

inelastic goods.

Result 3: Uniform Taxation under Homothetic Utility
Suppose the utility function is in the following form:
u(cyy ooy Cny L = h) = W(G(er,.oyc), 1 — h)
where G satisfies homotheticity.
With this utility function we have:

ui(ac,1 —h)  wi(c,1—h)

up(ac, 1 —h)  wup(c,1—h)

for any a > 0.

Recall that from the household’s problem and firm’s problem,

U
—=p(l+7
o~ Pl )
__F
pi = 7
This gives
(% Fh
1+17,=———
+ 7 w F,

11



We can also do this trick:

UZ'(C, 1-— h)

ui(ozc, 1-— h) = m

ug(ac, 1 — h)

Also note that we have:
- ui(c, 1-— h) _
Z Ui Cj = m Z Uk;jCj
7=1 7j=1

Then, Vi, k,
n n
Do UigCi Dy UkiCi A

Uy Uk

where A is just a constant.

Now, we have, from Ramsey’s problem:
j=1

Recall our setup on the utility function, we have the following derivatives:

U; = WlGl
u; = WG,

Substituting those back in and we get:

Gi gl

F, (1= NW, — MW, + A\Woh

Note that this gives

Thus, we have

T, =T, =T,Vi,]
Result 4: No Taxation for Intermediate Goods

Consider the setup where there are 2 firms

e intermediate good producer with production function k(z, hy) < 0, with 2z being inter-

mediate good output and hsy being the labor input

12



e final good producer with production function f(z,z,hy) < 0, with = being the final
good output, z being the input and h; being the labor input

Consumer takes the same form u(c, 1 — h), and market clearing is ¢+ g = x and h = hy + hs.

To derive the implementability constraint, we see that the household yields the same result:
UeC — ul(hl + hg) S 0
For the final good producer, we have

max pr — why —q(1+n)z

z,z,h1

subject to f(x,z,hy) <0.
The condition yields:

fe_al+n)
JE 35
I " (35)
For the intermediate good producer, we have
max gz — wheo
subject to k(z, he) < 0.
The FOC yields:
k- q
1 36
b w (36)
With (35) and (36) we get:
I k.
22— (1an)2 37
= = (1) (37)

Now going back to the Ramsey’s problem, writing out the Lagrangian and we get:
L=u(z,1—hy —he) — MNuzz —w(hy + he)) — 0f(z, 2, h1) — pk(z, ha)
FOC for z, hy, ho yields:

—; — M =uyx + uy(hy + he)) = 0f
—up — M —ug® + uy(hy + hy)) = pky,

Combining those together, we get }t—h = Z—h Hence n = 0. The intermediate good is not

taxed.

13



1.5 Social Planner’s Problem

Now, for social planner’s problem, we have:

maxhu(cl, vy Cny L —h) —yF(c1+ g1y oo Cn + Gy h)

Clyeeey Cn,

FOC yields:
u; = vF;
—w =vFy
This gives:
Ui F;
Uup N Fh

Recall that Ramsey FOC before

(1 = Nu; + AHyu; = v F;
—(1 — A)ul + )\Hlul = "}/Fh

Define
) 1= A—A\H
YT TN,
We have the Ramsey FOC yields:
Ui —F;
2 (1= wy)—2
Uy ( w) Fh

(38)

(39)

(41)

Comparing social planner solution and Ramsey planner solution, we see that Ramsey planner
wants to create a wedge between all MRS and M RT pairs, and wedge is defined by (26):

Frpu;
1 i=———Vi=1,2, ..,
+ T, 7 u 7 n

Hence
l—w,=1+m7

14



1.6 Completeness of the Tax System
Suppose there is a labor income tax. The equilibrium condition is:

u _ pi(1+7)
Ul_ 1—7’h

This yields that for : = 1,2, ...,n,

1—}-7}_ uiFh

1-— Th Uup P’z
Then there is a problem to pin down all n + 1 tax rate since we only have n equations:

1+ T; .
l—wj=——Vi=1,..n
1— Th
Now, suppose we set one of the instrument exogenously, for example, 74 = 0. Then the

equilibrium involves
Fy Uy

Bow
Now the system has enough equations to solve the n unknowns. We need to add this as a

constraint on the Ramsey planner’s problem.

Remark: The Ramsey problem is not about taxation per se, but about creating wedges
between MRS—-MRT pairs. The Ramsey solution specifies the optimal wedges or distortions
given the government’s financing (spending) requirement. There are n margins in the econ-
omy, and the Ramsey planner wants to create wedges in all of them.

We will end the discussion of static Ramsey problem with a proposition describing when

Ramsey problem’s solution coincides with social planner’s solution.

Proposition 4. If g; > 0 for at least some i = 1,...,n, then the IC multiplier X # 0. If
gi =0 foralli=1,...,n, then A\ =0, then the solution to the Ramsey problem coincides with

the solution to the social planner’s problem.

15



2 Ramsey Application: Optimal Fiscal Policy

2.1 Setup

We use the standard one-sector neoclassical growth model in a real environment (without
money).

There are 2 sources of uncertainty:

e technology shocks

e government spending
Here are the notations for the uncertainty setup:

e cach period, the economy experiences one of the finitely many events s, € S =

{e1,...,en}

e history up to time ¢ is defined as s' = (sg, 51,...,5;) € S X S X ... x § (t + 1 times) and
the probability as of ¢t = 0, of a particular history s’ is pu(s")

e initial realization sy taken as given

e we simplify the notation from Chari and Kehoe (1999) by using z, := z(s").

Consumer Preferences of consumers are

t JR—
ct%%ﬂﬁbt EO Xt: ﬁ u(Ct, ! ht) (43>
The budget constraint is:
Ct + kt + bt S (1 - Tth)wtht + Rfkt—l + Rgbt—l (44)

where
e RE =1+ (1—7F)(r; —0) is the return to capital
e 7V and 7' are the tax rates on incomes from capital and labor

e 0, is the stock of government debt the consumer holds at time ¢(and state s'), with

return R},

16



Firm Firm’s production at time ¢ is given by zF'(k;_1, h;), where F' is a CRS production
function and z; is the technology shock.

Firm pays their marginal costs to factors of production

Ty = ZtFk(kt—la ht) (45)
Wy = Zch(kt—la ht) (46)

Government The government’s budget constraint is given by
bt = R?btfl + gy — Tthwtht - Ttk(rt — 5)]%,1 (47)

where ¢, is the stochastic government spending shock. This is essentially the market clearing

condition for bond.

Market Clearing Since we already (implicitly) required the bond, labor and capital mar-
ket clearing in the government budget constraint, we no longer need to specify goods market
clearing condition to define a competitive equilibrium. However, for the purpose of Ramsey
Planner’s problem and Social Planner’s Problem, we still derive the goods market clearing

condition /feasibility constraint/resource constraint:
¢ + gt + kt = ZtF(]{ft_l, ht) + (1 — (S)k't_l (48)
Lastly, the laws of motion for the stochastic variables are:

[Zta gt} = X(Zt—b gt—1; €t)
where €; are 1.i.d. shocks.
Competitive Equilibrium
A few additional notations:

o 1, = (¢4, hy, ki, by) denotes an allocation for consumer at ¢ (and s'), and = = {x;}:2,

denotes an allocation for all ¢ and s' chosen at time 0

o p; = (wy, 1y, RY) denotes a price system at time ¢ and p = {p;}3°, denotes a price for

all t and s? chosen at time 0

17



o 7, = (7/',7F) denotes the government policy at ¢t and m = {7}, denotes an infinite

sequence of policies for all ¢ and s' chosen at time 0
e initial stock of debt and capital b_; and k_; are given.

Definition 7. A competitive equilibrium for this economy is an allocation x, and a price

system p, given a policy 7 such that:

e Given 7 and p, x maximizes (43) subject to the sequence of budget constraint (44)
e p satisfies (45) and (46)
e government budget constraint (47) is satisfied.

The above definition already stipulates labor, capital and bond market clearing, which im-

plies goods market clearing condition (48).

Write them in equations: given {2, g;, /', 7F}, allocation {c;, hs, by, ki } prices {wy, rs, R} (in

total 7 variables):

w(t) = ue(t)(1 — M) w, (49)

uc(t) = PEfuc(t + 1)Rt+1] (50)

ue(t) = BEi[uc(t + 1) Ry, (51)

re = 2¢ (ki1 hy) (52)

wy = 2 Fy (ki1 hy) (53)

¢+ g+ ke = 2 F (ki1 he) + (1= 0) ki (54)
by = R0by_y + g1 — Twihy — F(ry — 6)ky o (55)

and the Transversality conditions:

lim S'u.(t)k; =0

t—o00

lim Bu.(t)b; =0

t—o00

2.2 Ramsey Problem: Main Result

Before solving the model, we first recognize two potential problems raised by introducing

dynamics:

18



e time inconsistency: in any period ¢, capital was predetermined in ¢ — 1, given s'!

and all government policies 7 rather than only 7(s'). From the perspective of period t,
the government appears to have an incentive to tax capital at 100% because doing so
will not distort a predetermined decision. Thus, the period-t government will find the
policy set at ¢ = 0 suboptimal. To sidestep this issue, we assume that the government

can commit perfectly and credibly to its policy at ¢t = 0.

e tax in period 0: because k_; is in fixed supply, it is optimal for the government to
tax it as much as possible. To avoid this issue, we assume that 75 is fixed at a specified

rate.

Definition 8. A Ramsey equilibrium is a policy 7, an allocation rule z() and prices p() such
that

7 = argmaxBEy 3 fu(e(n), 1 — hi(r))
g t

where for every 7', the allocation x(7') and prices p(7') constitute a competitive equilibrium

given the policy 7 .

Again, to use the primal approach to find the optimal policy, we must characterize the
conditions under which an allocation can be supported as part of a competitive equilibrium.
The following proposition is the main result and is essentially the dynamic counterpart of

the static problem considered above:

Proposition 5. The allocation x, capital tax rate and return on debt in period 0 in a

competitive equilibrium satisfy the resource constraint
¢ + agi + kt = ZtF(ktfl, ht> -+ (1 — 5)]@/,1 (56)

and the Present Value Implementability Constraint(PVIC)
Eo Y B'uclce, 1 = ho)er — wlen, 1= b)) = uelco, 1 = ho)[Rik_1 + Riba]  (57)
=0

Furthermore, given allocations and period-0 policies that satisfy (56) and (57), we can con-
struct policies, prices, and debt holdings that, together with the given allocations and period-0

policies, constitute a competitive equilibrium.

2.2.1 Derivation of PVIC
(Lixi: This is one of the most important subjects covered in this course.)

19



Starting from the consumer’s budget constraint in each period and multiplying by the

Lagrange multiplier S'u.(c;, 1 — hy), or simply S'u.(t), we obtain

EO{ > Bud(t)(1 = 1 wihi + Y Buc(t) Rk + Y | Buc(t) by
t=0

t=0 t=0
~ - > - s
g v~ g

I II II1

= Buctye =Y Bluct)he— > Bluc(t)h } >0
t=0 t=0 t=0

-~ -~

—
v \% VI

There are 6 parts of the equation and we will use CE characterizations to simplify each part.
Again, we use the FOCs of consumers and firms in the system of equations (49) - (55) that

defines a competitive equilibrium.

First, notice that by (49), we can replace (1 — 7")w; by the MRS between consumption

and leisure and rewrite part I as

Z Bluc(t)(1 — mMwihy = Z Bhuy(t)
=0

By the Euler equation for capital (50), we can rewrite part V as
Z Bluc(t)ke = Z B uc(t + 1) R ke
t=0 t=0

By the Euler equation for bonds (51), we can rewrite part VI as
> Bluc(t)by =Y B u(t + 1) Ry, by
t=0 t=0

Now, notice that we can cancel out some terms in part II and part IV, and similarly for part
[T and part VI:

Zﬁtuc YR,y — Zﬁt“ (t+ 1RV, by = u(0)REb_, (58)
S ) Rbk s — 3 8 e+ DRE by = (O RSE (59)
t=0 t=0

20



Therefore, we end up with the following equation

E, {Z Bt (uc(t)ct — ul(t)ht)} < u(0)REb_1 + uc(0)REE_;
t=0
which is the PVIC.

Alternative Derivation of PVIC from Government Budget Constraint

Alternatively, we can derive the PVIC from the government budget constraint. Proceed
with the same multiplier 'u.(t) for each period and sum up the government budget con-

straint, we get:

EOZﬁ ue(t (bt + T Mwihy + T (Tt Nky—q — Ri)bt—l — gt) >0

Vv
o

Eg Z Bru(t) ( (1 — 7MY wihy + wihy + 7F(re — 8)ky_y + by — RVby_y — gt>
E, i Bt< —u(t)(1 — Tth)wtht) + u.(t) (wtht +7F(ry — 6)ky—y + by — RVby_y — gt> >0
=0
Substituting (49) into the first part and we get:
E, ZB { — w()hy) + ve(t) (wihy + 7F(ry — kg + by — RPby_y — gt)} >0
Notice that,
o> 506 (b= R1) = Bo (1e(0)b o0V RSb- -+ Bt (1)1 Bt (1) Bt Bt ()b B ()R ...
=0

And by (51), we have u.(t) = Bu.(t + 1)R?, , so we can cancel everything except for the

term

UC(O)Rgb_l

Now, our constraint looks like:

Eq Zﬁt{ —y(t ht) + uc(t )(wtht + 7y — 8)ky_y — gt)} > u(0)RSb_,
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Now, by feasibility constraint (54), and F' being CRS, we have

e+ g+ ke = 2 F (ki1 hy) + (1 = 0)kis
Ct + kt — wtht — Ttkt,1 - (1 — (S)kt,l = —0g

Now focus on this specific part

wihy + 71y — 0)ke—y — ge = wihy + 7F(ry — 8) ki1 + ¢4 + by — wihy — ik — (1 — 6)ky_y
— 7 (ry — ki1 + e+ ke — ik — (1= 0)ke 4
=i+ hy+ by (T — TS — 1 — 146)
=ci+ ki — 14+ 1 =7 (re —6))kis
=ci+ ki — Riky

Then the constraint looks like
E, Z (= w®he) +uelt)(er + b — REki1) | = uc(0)REDy
Now, expand
Eo i Buc(t)(ky—Riky—1) = Eo (uc(0)ko—uc(O)R’gk,ﬁ—Buc(l)kl—5uc(1)R’fkg+ﬁuc(2)k2—6uc(2)R’§k1+...)

By (50): u.(t) = Buc(t + 1)Ry,;, we can cancel almost everything except
—UC(O)RISk’_l

Now, our PVIC looks like:
Eo Y B'(—w(t)hy + ue(t)er) > ue(0) Rk + ue(0)Rhb_y
t=0

Alongside with the PVIC from consumer’s budget constraint, we now get the PVIC with
equality

E, Z B (= (t) by + ue(t)er) = ue(0)REE_y + u (0)R4b_,
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2.2.2 Solving Ramsey Planner’s Problem

Now, we can solve the Ramsey problem:

[o.¢]
max [, E Bru(cy, 1 — hy)
ctyhi ki P

subject to

Bo Y B'fuc(ce, 1 = he)ey — wi(er, 1 — ho)hy] = u(0) REk_y + uc(0) Rob_y (60)
t=0

ZtF(kt_l, ht) + (1 — 5)kt_1 — Ct — g — kft = 0 (61)

As before, we can set up a Lagrangian

L = E i Bt{u(ct, 1—hy)+ )\(uc(t)ct — wy(t)hy — u (0)REKk_ — uc(O)RSb,l)
t=0

e (2 F (keor, ) + (1 = 8)kpy — ¢ — g0 — kt)} (62)

A Further Investigation into Time Inconsistency
Neither the lecture notes nor the paper are clear about the time-inconsistency issue in the
Ramsey planner’s problem, but the issue is important. This section examines it further.
By the Bellman optimality principle, (62) can be written recursively as

Vo(k-1,b-1) = max u(co, 1 — ho) + M ue(0)co — w(0)ho — uc(0)Rik_1 — uc(0)Ryb_1)

co,ho,ko

+ 70 (20F (k=1, ho) + (1 = 6)k_1 — co — go — ko) + BEVi(ko,bo) (63)
From the period-0 perspective, V; can be written recursively as

Vi(ko, bo) = max u(er, 1 —ha) + Mue(L)er — w(1)hy — u (0)Rik—1 — uc(0)Ryb_1)
C1,N11,R1

+n (ZIF(km hi) + (1= 0)ko —c1 — g1 — /ﬁ) + BE1Va(k1, b1) (64)

Equations (63) and (64) represent fundamentally different problems. For instance, the

envelope condition for V{, with respect to k is

Vo

pT —Mue(0)RE + ~o(20F%(k_1, ho) +1 —0) (65)
-1
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whereas the envelope condition for V; with respect to k is

oV
1= Y1 (21 Fi(ko, ha) + 1 —9) (66)
Oko

The difference is due to the presence of k_; and b_; in the period-0 problem. As long
as k_1,b_1 > 0, the first-order and envelope conditions for the period-0 problem (63) are
affected by the u.(0)RFk_; and u.(0)R3b_; terms. Moreover, from the period-0 perspective,
the Ramsey planner anticipates that these terms in the implementability constraint should

no longer matter when determining the optimal allocation from period 1 onward.

However, this is not true once the Ramsey planner reaches period 1. At that point, the
planner takes kg and by, both of which were predetermined in period 0, as given. Following

the same steps as above yields a PVIC from the period-1 perspective:

E1 Y B (—wi(t)hy + ue(t)e) = ue(1)Riko + ue(1) Ribg (67)

t=1
This leads the period-1 planner to solve a problem analogous to (63) rather than (64). Thus,
the planner will change the period-0 plan for period-1 allocations upon reaching period 1;

without commitment, the period-0 plan is time-inconsistent.

Intuitively, why does time inconsistency arise? The period-0 Ramsey planner enters with
initial capital k_; and bonds b_; and can choose an allocation ¢y that changes the marginal
utility of consumption in period 0, and hence the “value” of those initial assets. However,
from the period-0 perspective, using the PVIC (57) amounts to assuming that the planner
will not or cannot alter the value of capital and bonds by changing the marginal utility of

consumption in periods t > 1.

To resolve the time inconsistency, we focus on the optimal Ramsey plan under commit-
ment; that is, we assume that the Ramsey planner commits to the period-0 plan. Further-
more, we disregard the planner’s ability to account for the effect of u.(0) on the right-hand

side of the PVIC, so the planner treats that side of the constraint as a constant:
Eo Y B'luc(cr, 1 = h)ey — we, 1 = hy)hy] = Ag
t=0

that is, the Ramsey planner no longer attempts to manipulate the value of initial capital

and bonds by changing u.(0).
Solving Ramsey Planner’s Problem under Commitment
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Now, we derive the first-order conditions:

Ue(t) + AMuee(t)er + ue(t) — wie(t)he) = v (68)
—uy(t) + M =ua(t)er + up(t)he — wi(t)) + ve(zeFu(t)) =0 (69)
BE; <%+1 (e FR(t+ 1) +1— 5)) =y (70)

The transversality condition is
lim ﬁtuc(t)k‘t =0

t—o00
Proposition 6. The solution to the Ramsey problem is sequences {ci, he, ki, v} and a
constant A that satisfies (08), (69), (70), the PVIC (60), the resource constraint (61), and

a transversality condition limy_,, B'u.(t)k; = 0, given k_;.

Back Out Prices and Policies from Allocations

Once we obtain the optimal Ramsey allocation, prices can be calculated from the firm’s
FOCs:

Ty = ZtFk(k?t—h ht)
Wy = Zch(kt—la ht)

Labor income taxes follow from the intratemporal Euler equation:

| w(cp, 1 — hy) _ w(t)
wiue(c, 1 —hy)  we(t) - 20 Fp(t)

Government bonds are defined through a process similar to the derivation of the PVIC:

_ - s—tu0<5)cs - Ul(s)hs
bt—Et{ > B ) }—kt

s=t+1

Lastly, we are left with

ue(t) = BB fuc(t + 1Ry, )]
UC(t) = /B]Et[u0<t + 1)R§+1]

to define RF, ie. to find 7F, and RY. There is an indeterminacy between state-contingent
capital income taxes and state-contingent returns on government bonds. There are 2 alter-

natives to fix this:
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e assume capital income tax is not state-contingent, i.e. 7 is pre-determined at time
t—1

e assume the return on bond is not state-contingent, i.e. R? is pre-determined at time
t—1

2.3 Social Planner’s Problem

Social planner’s problem here is

[o.¢]
max [, Z Blu(es, 1 — hy)
ct,hi ke o

subject to
ZtF(ktfb ht) —+ (1 — (S)kt,1 —C — gt — kt =0

Lagrangian looks like:
Eo Zﬁt{u(% 1= hy) + G2t F (keo, he) + (1= 0)ke1 — e — g — k?t)}
t=0

FOC yields:

uc(t) = G
w(t) = Gz Fr(t)
G = B Ee(ze41 Fr(ky, hyyr) +1 =6)
2eF (ki1 he) + (1= 8)key = ¢t + gi + Ky

Then the solution can be characterized by:

uc(t) 1

ul(t) N ZtFk(t)
ue(t) = BE(uc(t + 1)ze 1 Fi(t+ 1) + 1 = 9)
ZtF(ktfl, ht) + (1 — 5)]@,1 =c + agi + k’t

And transversality condition

lim B'u.(t)k; =0

t—o00
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2.4 Completeness of Tax System
From the social planner’s problem, we see that there are 2 margins in this economy:
e intratemporal margin: consumption today vs leisure today

e intertemporal margin: consumption today vs consumption tomorrow

To implement the Ramsey allocations, we have 2 instruments: labor income tax and capital
income tax. This is a complete system, as there are 2 margins, and 2 instruments that can
create wedges between those margins.

To illustrate this, recall the Ramsey problem characterizations:

Ue(t) + AMuee(t)er + ue(t) — we(t)hy) = v
w(t) — M—=ue(t)er + uy(t)hy — w(t)) = ve(2eFi(t))

Combining both we get:

Ue(t) + AMtee(t)er + ue(t) — we(t)hy) 1
u(t) = M—ua(t)e + un()he — w(t)) — zFy(1)
(14 Nue(t) + Muee(t)er — we(t)he) 1

(14 Nw(t) + Mua(t)er — un(t)he) — 2 Fn(t)

It is possible to perform what we had in previous section, to see that by algebraic manipu-

lations, we can create a wedge between Zj((f)) and — Fi @ i.e. a wedge between MRS.; and

MRT,,.

Another important result is that it is possible to replace the labor income tax with a
consumption tax, and this will not change the Ramsey allocations.

The new budget constraint for consumers becomes:
(L4 75)ce + ki + by = wihy + Riky—1 + Ryby_y

The new intratemporal Euler equation becomes;

w(t) o w
uc(t) 1+7f
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Recall the labor income tax result, we see that if we set 7/ so that:

-1 = !
1+7f

The Ramsey problem allocations are exactly the same.
Similarly, it is possible to have all three taxes, introducing one more indeterminacy into the

problem.

2.5 Capital Taxation Credit

One of the most important results from this setup is the zero-capital taxation result. At
the steady state, the FOC on k;, (70), implies

B(Fy+1—-0)=1
And in a steady-state competitive equilibrium, Euler equation implies
Ue = Bu 1+ (1 — 79 (F, = 8)] = 1=8[1+ (1 -7 (F, -]

Combining both, we get the Ramsey optimal plan requires the capital tax to be 0, namely

™ = 0.

Note that from the wedge interpretation from the intertemporal margin, we have the M RT
of consumption today vs consumption tomorrow is Fjy + 1 — §, whereas the M RS of such
being %

In the long run, Ramsey planner wants to keep M RT = M RS. The no long-run intertem-

poral distortions is a more general result than the zero-capital taxation result.
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