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This note discusses a heterogeneous-household model without aggregate uncertainty. It is
based on Aiyagari (1994) and Chapters 17 and 18 of Ljungqvist and Sargent. It also explains
how to add aggregate uncertainty to the Aiyagari (1994) framework and derive the value
function in Krusell and Smith (1998).



1 Complete Markets without Aggregate Uncertainty

When I first read the paper, I was puzzled by the lack of detail about its complete-market
benchmark. On page 671, the author writes:

“Now consider what the steady state of the economy would be if there were no

uncertainty, or, equivalently, there were full insurance markets...”

but the discussion that follows is verbal and informal. Before studying the incomplete-market
or imperfect-insurance economy, we need to understand the complete-market economy. Here,

I provide a formal analysis.

Suppose that there is a continuum of households ¢ € [0, 1] in the economy. For now, I use
slightly more cumbersome notation: let s* = (sg, sy, - ,s;) denote the history of aggregate
state s, and let ¢(s') and y'(s') denote the consumption and income of household i in
history s'. At any given aggregate history s’ the realization of y’(s') need not be the same
across households. This captures the notion of “idiosyncratic shocks” in heterogeneous-agent

models.

Following Prof. Shea’s lecture and Chapter 8 of Ljungqvist and Sargent, under complete
markets the household can trade a complete set of Arrow—Debreu securities at time 0! (claims

to consumption goods in history s') at price ¢(s'). Each agent i chooses {c'(s')} to

max 3737 (s yulcl(s)) 1)

CIED)

subject to
SN als)e () = 3OS alsy(s") 2)

The budget constraint (2) says that the household can reallocate its resources across different

histories or state realizations.

To solve household ¢’s problem, form the Lagrangian:

L= > Bulshulc(s)) =AY alsHE(s") —y'(s") (3)

'One can also formulate the complete-market problem using Arrow securities and a time-t trading pro-
tocol, rather than Arrow—Debreu securities traded at time 0. The two formulations are largely equivalent.



which yields the first-order condition
p(s') B (c'(s") = Nq(s") (4)

Another household j # i solves a similar problem with Lagrange multiplier M. Its first-order
condition is

p(sh) B (e (s) = Ng(s")
Comparing household i and j’s FOCs, we get

u(c(s) A
@) "N o

which gives us the relationship between household ¢ and household j’s consumption in history

st:

) = ) () 0

In general equilibrium, for each history s’, there is a market clearing condition for Arrow-

Debreu security in that history:

>l = Y is) 7

]

We can use the FOCs (4), budget constraints (2), and market-clearing conditions (7) to solve
for the equilibrium allocation {c'(s*)}, Lagrange multipliers {\’}, and prices {q(s')}.

Formal Definition of Aggregate Uncertainty By “no aggregate uncertainty”, we mean
that

Zy"(st) =y for all s’ (8)

That is, households’ aggregate resources do not vary with history st.

1.1 Individual Consumption Dynamics

In a complete-market economy with no aggregate uncertainty, we can fully characterize

each individual’s consumption in every history. To do so, first substitute (6) into (7):

S () = v - )
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Observe that the left-hand side of (9) is a monotonic function of ¢/(s') because both (u’)™!

and u’ are monotonic. There is also a market-clearing condition for s**1:

S (@) = S = (10

(2
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Hence, we get

GI(d(s") =g =G (d(s))
and by the monotonicity of G we know that
d(s') = (s (11)
Applying the same argument to other histories s!, we obtain
J(s') = & for all s (12)

Equation (12) is the main implication of complete-market models. It says that, in the absence
of aggregate uncertainty, household j chooses the same level of consumption in every history.
In other words, each household can fully insure itself against idiosyncratic shocks and fully

smooth consumption across different realizations of those shocks.

1.2 Equilibrium Price of Risk-free Asset

Besides consumption dynamics, we can also easily characterize the equilibrium prices for

Arrow-Debreu security ¢(s*). Again, from FOC (4), we can write down the Euler equation

p(sHu'(c(s)  _ als')

. = 13
Bu(sH ) (ci(st)) — g(st) (13)
Since we’ve already established that ¢’(s') = ¢'(s*1), we get
q(s") A1t
= Bu(s™s 14
b ) (14

To better understand (14), recall the definition of Arrow-Debreu security: to get an Arrow-

Debreu security for history s, the household pays ¢(s') in period 0 and receives 1 unit of

consumption goods if history s’ is realized. Then, what does the ratio q(q‘?:)l ) mean? Consider

the following thought experiment: suppose I want to have one unit of consumption in state



s'T1 There are two ways of achieving it:

1. Directly purchase an Arrow-Debreu security for s, which costs ¢(s'™!) and gives the

household a return of 1/¢(s'™) when state s+ is realized,;

2. Purchase an Arrow-Debreu security for state s and then reinvest in state s* in a one-
period state-contingent bond (or Arrow security) which costs q(s'™|s') in state s' and

receives 1 unit of consumption good in state s*! if s*! is realized. The return is
1

q(st+1|8t)q(st)'
In a frictionless financial market, the no-arbitrage condition must hold; that is, the two

investments must yield the same return. Hence, we have

1 1

q<5t+1> o q(5t>q(st+1’3t)

and hence
q(8t+ 1 )

q(s')

Therefore, the left-hand side of (14) is the cost of a one-period state-contingent bond from s’

= q(s"|s") (15)

to s'T!. Equation (14) gives the equilibrium price of this bond, which equals the subjective

discount factor times the probability of history s'™! conditional on s'.

We are particularly interested in the equilibrium price of a risk-free asset in this complete-
market economy because it will be the only asset available in standard incomplete-market
models. This allows us to compare the equilibrium prices of a risk-free bond in the two
economies. By definition, a one-period risk-free bond gives the household one unit of the
consumption good in every history s*'. We can therefore construct the risk-free bond by
purchasing one unit of each one-period state-contingent bond and “bundling” them into a
new asset. The equilibrium price of this asset can also be derived from the no-arbitrage

condition:

1= 1 g(ss) = 3 Bu(s*]s") = 8 (16)

st+1 st+1

In other words, the return on a one-period risk-free bond r is given by

1 1
l+r=-=—- = [B(l+r)=1 (17)
q B
This is a very important result. It says that in equilibrium, the risk-free asset should have
a return that satisfies (1 + r) = 1. Later, in the incomplete economy, we will see how the

equilibrium risk-free return is different from this benchmark.



1.3 Aggregation and Equivalence to RBC without Uncertainty

To complete the discussion of the complete-market benchmark, we consider aggregation.

Using (14), we can write the relationship between ¢(s') and ¢(sg) as

= B'1(s"[50) (18)
Because ¢(sp) is normalized to 1 and pu(sg) = 1, we obtain
q(s") = B'p(s") (19)

Substituting this expression into the household budget constraint (2), we can solve analyti-

cally for each agent’s consumption ¢&':

i Zt Zst /Btﬂ(st)yj(st) . w(syd (st
S S oY T R SECEA 2

where L

The weights w(s') are the same across households. Hence, this complete-market economy
with no aggregate uncertainty permits a representative-agent representation because every-

one follows the same decision rule.

Before I lay out the detail of the representative-agent representation, it is easy for us to

Y E =Y wls) Yo = Sl = (21)

t,st t,st

verify that

namely, aggregate consumption equals aggregate resources at each history, so that the market

clearing condition is always respected.

Connection to Aiyagari (1994) setup In the Aiyagari model that I will show below,
simply replace y(s) in the above endowment economy by the idiosyncratic wage that the

household receives from the firm w'(s'), and in equilibrium,

> wi(s') =w = F(K,H) — Fx(K, H)K (22)



i.e. the aggregate income of households is equal to the aggregate compensation on labor.
In Aiyagari, there is no aggregate uncertainty, and aggregate capital, labor and wage com-
pensation w are at their steady states and same across all states s’. All the implications

discussed in previous sections hold, namely,
e The implied equilibrium risk-free rate is r = 1/ — 1;

e Each individual chooses the same decision rule for consumption that smooth consump-

tion perfectly across histories;

e The economy collapses to a representative-agent economy, which is essentially a stan-
dard RBC model with no aggregate uncertainty (i.e. total factor productivity z, = z

fixed at its steady state, so are other variables).

The aggregate saving in this equivalent representative-agent economy is equal to the steady-

state capital K and the equilibrium interest rate is equal to 1/ — 1.

2 Aiyagari (1994)

2.1 Partial Equilibrium: Household

There is a continuum of households ¢ € [0, 1]. Each household i solves

o
max Eq Z Bru(cy) (23)
Cit,Qit —0
subject to the budget constraint
cit +ag = (1+7)ai—1 + wsy (24)
and the borrowing constraint

where s;; is an idiosyncratic shock drawn from the invariant distribution II(+) associated with

a Markov chain 7(s'|s) with support [s, 5].

e Important: because the law of large numbers holds, the Markov chain 7(s; ;11 = §'|si =
s) also gives the fraction of households in state s today that transition to state s’

tomorrow, and II(s) gives the fraction of households in state s.



e Important: instead of saving in a complete set of Arrow security /state-contingent bond,
here the households can only access a risk-free bond a;, so that the idiosyncratic risk

cannot be fully insured.
The interpretation of s;; is flexible:
e In the lecture note, s;; € {0, 1} stands for employment status of the household (= 0 if
unemployed, = 1 if employed).
e Or, s; could stand for a labor-augmenting technology. The distribution is continuous.
In this model, labor is supplied inelastically: the household always supplies one unit of labor,

so there is no labor-supply decision. The model can readily be extended to include elastic

labor supply; see the August 2022 comprehensive exam.

Aggregate labor supply is given by

H - /1 5i0 dil = / STI(s) ds (26)

o If s;; stands for employment status, then H; = 1 — u; where u; is the unemployment

rate.

2.1.1 Natural Borrowing Constraint

Thus far, I have imposed an ad hoc borrowing constraint a; > 0. Even without this
constraint, the household’s problem implies a limit on borrowing such that the debt can be
repaid with probability one in every possible history. This level of debt is called the “natural

borrowing limit,” and the associated constraint is called the “natural borrowing constraint.”

To find the natural borrowing constraint in the household problem above, note that in
each period, ¢; > 0 (the consumer can never have negative consumption), and, together

with the budget constraint, we get the inequality
ay < (147)a;—1 +wsy

for all t. In each period ¢, the household foresees that this inequality will hold for any given



path of idiosyncratic shocks {s;+45}52,, and hence

Qg ¢4+1 WS; t+1
b <« . J
Trr = T
A t+42 < Q141 WS t+2
(1+r)2 — 14+r (1+7r)?
Qi t4+T < Qi t+T-1 WS; 44T
1+ — (1+rT1 (A4nr)T

Summing these inequalities up, we get

a; t+T ws; t+s
T < G,Zt +
(14T Z

and then take T — oo on both sides:

T—)oo (1 + ]. + 7”
If we impose a no-Ponzi-game condition
Qi t+T

1 : =0

T—oo (14 7)T
on the left-hand side, we get

WS t+s
Qi 2> — Z a+r)y (27)

(27) gives us the maximum amount of borrowing in period ¢ for a household with a given

future path of income {s;11+}2°;.

Natural borrowing limit requires that the household is able to repay the debt for any
possible path of future income {s;;4+5}52;. This means that a; has to be greater than or

equal to the maximum of the right-hand side of (27). And we know that

o0

- wsthrs _ Sthrs _ ws __1
max Z(1+T mlnz 1—}—’[" = 2—(14—7“)3_ TU)§

where s is the lower bound of the support of the idiosyncratic shock s. The natural borrowing

constraint is therefore

ws
D e 28
it = , ( )

Notes:



e We can see that if s = 0, it boils down to the ad hoc borrowing constraint I stated

previously.

e By the definition of natural borrowing limit, the probability of the natural borrowing
constraint being binding is zero: it binds only when the household’s realized income
keeps fixed at the lowest level for all future periods, which is a measure-zero event.
Hence, if the only borrowing constraint in the problem is the natural borrowing con-
straint, it will not change the behavior of consumption and saving compared to the

no-borrowing-constraint benchmark.

e More generally, if we have an ad-hoc borrowing constraint
ay = —¢

and if ¢ < “’7§, then the ad-hoc borrowing constraint will be binding with a positive
probability, and the consumption-saving behavior of the household will be different

from the no-borrowing-constraint benchmark.

2.1.2 Solution to Household’s Problem

We use the recursive method to solve household’s problem. The endogenous state variable

is a;;—1, the exogenous state variable is s;, r, w, and the control variables are a;; and c;;.

The Bellman equation is therefore

V(ait—1;sit,r,w) = maxw (1 +7)a; -1 + wsie — i) @i +PE [V (ai; Sipe1, 7, w)| 5] (29)

At
where p;; is the Lagrange multiplier associated with the borrowing constraint.

We know that the agents who enter the period with the same bond holding a;;—1 = a
and same idiosyncratic state s; = s face the same decision problem and end up with the

Y

same decision rules. Hence, I could “index” each agent by (a,s). Also, as a convention of
the literature, let @’ and s’ denote tomorrow’s states. The above Bellman equation can be

written as

V(a;s,r,w) = maxu ((1+r)a+ws —a') +pa’ + Z V(d';s' r,w)m(s'ls)  (30)

S
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Take FOC and Envelope condition:

w(e) = p+BY) w(s|s)Vald;s) (31)

Valas,rw) = u'(c)(1+7) (32)
and hence we get an Euler equation

d(e)=pu+ ) w1+ () = p+B(L+7) Y w(s]s)/(¢) (33)

S/

The slackness condition for y is
pa' =0and >0 (34)

and therefore the Euler equation can be written as
u'(¢) > B(1+ r)Efu'(¢)|s] with equality if ' > 0 (35)

Eventually we will find a value function V(a;s,r,w) and a corresponding policy function

a'(a; s,r,w) for the households with state (a; s, 7, w).

2.1.3 Supermartingale Convergence Theorem and Individual Asset Supply

Thus far, the analysis is the same as the partial-equilibrium analysis in Prof. Shea’s
part of the course (see my second TA-session note), where the interest rate r is treated
as a parameter. Although r is fixed in the partial-equilibrium analysis, keep in mind that
it is endogenous in general equilibrium and is pinned down by the asset-market-clearing
condition. The purpose of the partial-equilibrium analysis is to determine how changes in r

affect household consumption and saving.

To do this, we need to focus on Euler equation
u'(cit) > B(1+ 7)Eu' (¢ipe1)|s] with equality if a; > 0 (36)

Hence, {S*(1 + r)'u/(¢;)} is a supermartingale. Furthermore, u/(-) > 0, which implies that
B + r)'u/(ci) > 0. By the Supermartingale Convergence Theorem (see Chapter 17, Ap-
pendix A, of Ljungqvist and Sargent, page 779), there exists a M > 0 such that

BH(1 + 7)) (cy) — M a.s. ast — oo (37)

11



Equation (37) is a powerful tool for determining how the dynamics of ¢;; and a;; depend on

r. Specifically, there are three scenarios:

1. If B(1 +r) > 1, then in order for (1 + r)"/(c) to converge, we must have u'(c;)
converging to 0. However, since «/(-) > 0 and u”(-) < 0, this is only possible when

¢y — 00 as t — 00, and hence a;; — oo as well (from the budget constraint).

2. If B(1+r) =1, it turns out that a;; — 0o. For technical details, see Chamberlain and
Wilson (2000, RED), the footnote 21 of Aiyagri (1994) or my footnote below.? Note
that this is very different from the case of f(1+r) = 1 when there is no uncertainty (see
my TA notes for Prof. Shea’s part). Intuitively, since there is a non-trivial probability
that the idiosyncratic state is low for a period of time and that the borrowing constraint
is binding, the household needs to accumulate a large amount of asset to buffer this

possibility.

3. If B(1+4r) < 1, then as long as u/(cy) is bounded above by S7*(1 + r)~*, (37) holds.
In this case, it is possible to have a path of {c;, a;} such that 0 < ay < oo for all ¢.

2.1.4 Aggregate Asset Supply Curve

Define aggregate household asset holdings A, as

1

Ay(r,w) = /ait di = /a’(a, s;r,w)Ae(a, s;r,w) dads (38)

0

where the distribution A;(a, s; 7, w) gives us the fraction of households in period ¢ with state

(a, s) given prices (r,w). I will discuss this object in detail later.

ZHere is a proof. Suppose that there exists @ such that @ = sup,{a;; }, where the law of motion of {a;}
follows from the policy function a/(a,s). Consider a realization of states in period ¢ with a,;—1 = @ and
sit = § (the highest possible realization of s;;). By the definition of supremum, a;; = o’(a@, 3) < a@; but since
a'(a, §) is the maximum saving possible for any given a;, a’(a, 5) is also an upper bound of {a;;}, and again
by definition of supremum (the smallest upper bound), a’(a,s) > @. Think about the Euler inequality in
period t:

u (ci) = v/ ((1+r)a +ws — d'(a,5))
> E[u'((1+47r)d (a,s) + wsi 1 — d'(d (@, 5), 5))]
E[u' ((1+r)a+ ws;+1 — a)] [using the fact that o'(a, 5) = a]
> u/'((147)a + ws — a) [using the fact that u”(-) < 0 and s; 441 < 3§
=u((1+7r)a+ws—ad(a,s)) =u(cy)

which is a contradiction.

12



From our discussion above, we know that

—oo ifr>1/-1
Ay(r, w) (39)
<oo ifr<i1/p-—1

Figure 18.6.1 of Ljungqvist and Sargent and Figure II of Aiyagari (1994) illustrate a possible

asset-supply curve: A; is increasing in 7, continuous, and approaches infinity as r — 1/5— 1.

2.1.5 Evolution of Distribution A,

The policy function d/(a, s) implicitly defines a law of motion for the distribution of en-
dogenous and exogenous states A;(a, s). It is the key to almost all heterogeneous agent macro
models.

First, consider the probability of transition from period-t state (a;;—1,5:) = (a,s) to
period-(t + 1) state (a;, sit41) = (a, 5'):

Q(d',s'a, s) = P((at, Sirs1) = (@', )| (@i -1, si) = (a,8)) = L{a' = d'(a,s)} w(s'|s) (40)

Hence
Aiii(a,s) = /Q(a, sla, 8)A¢(a, §) dads = /1 {a =d'(a,s)}m(s|5)\(a, 5) dads (41)

Intuitively, in period ¢ + 1, the fraction of households with state (a,s) is the sum of the

fraction of the firms transitioning from state (a, §) in period t to state (a, s) in period ¢ + 1.

(41) defines a law of motion for distribution A;. The right-hand side can be regarded as
an operator 1" for Ay:
At+1 == TAt (42)

Under appropriate conditions, there exists a unique invariant distribution A that is the fixed
point of (42):
A=TA (43)

For technical details, see Chapter 12, Theorem 12.13 of Stokey and Lucas.

Intuitively, the invariant distribution means that for any given (a, s), the mass of agents
transitioning from (a,s) to other states (a/,s’) is exactly the same as the mass of agents
transitioning from (a, 5) to (a,s). In a recursive stationary competitive equilibrium, it is

necessary that the distribution A; is at its invariant distribution.

13



2.2 Partial Equilibrium: Firms

The firm sector is standard.
max F(K,H) —rK —wH (44)
K,H
and hence labor and capital demand are given by
r = FK (45)
2.3 Recursive Stationary Competitive Equilibrium

A recursive competitive equilibrium is a value function v(a, s, r, w), policy function ¢(a, s, r, w),

d'(a, s,7,w), prices (r,w) and distribution A such that

e Given prices (r, w), value function v(a, s, 7, w) and policy function c(a, s, r,w), a'(a, s,r, w)

solves household Bellman equation (30);

e Given prices (r,w), the firm maximizes profit and ends up capital demand K (r, w) and
labor demand H(r,w), satisfying FOCs (45) and (46);

e Given prices (r,w), A is the fixed point of law of motion
Ay (s, a;r,w) = /1 {a =d'(a,s;r,w)} n(s]8)As(a, $;r,w) dads (47)

e Market clears: r,w are pinned down by labor and capital market clearing conditions

H(r,w) = /H(s)sds (48)

K(r,w) = /a’(a,s;r,w)A(a,s;r,w)dads (49)

Expect to see this type of question on the exam. The August 2022 comprehensive exam

provides useful practice through an extension of the model above with endogenous labor

supply.
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3 Krusell and Smith (1998): A Brief Summary

The principal difference between Krusell and Smith (1998) and Aiyagari (1994) is that the
former includes aggregate uncertainty. Consequently, the aggregate variables ry, wy, Ky, Hy, Cy, Y,

fluctuate over time and cannot be treated as constants by households and firms.

Now, in household’s problem, the Bellman equation (30) changes to

V(a;s,r,w) =maxu ((1+r)a+ws—d)+pa + Z Vid; s, r', w)P(s' ' w'|s, r,w)
“ s’ r’w!
(50)
In other words, with aggregate uncertainty, the household will need to forecast the prices r’
and w' in the future. However, the transition probability P(s’,7’, w'|s,r, w) is not an easy
object to characterize: it depends on the Markov transition probability of idiosyncratic state

7(s'|s) as well as the law of motion for prices ’ and w’, which is an endogenous object.

If we focus on a rational-expectations equilibrium—that is, households know how prices are
determined in each period and therefore hold model-consistent beliefs about " and w’—then

each household recognizes that next period’s prices are pinned down by the firm’s FOCs:

= Fg(z,K' H) (51)
w' = Fy(Z,K' H) (52)

Plug it into the value function v(a, s; r, w) and redefine value function in terms of (a, s, z, K, H):

Via,s,2, K, H) =V (a,s, Fx(z, K,H), Fx(2, K, H)) (53)

we get a modified Bellman equation

Via,s, 2, K, H) = maxu (1 + Fg(z, K, H))a + Fp(z, K, H)s — a') + pa’ (54)

a

+ 8 Z V(d,s 2 K' H)P(s 2 K H'ls z,K,H) (55)

s,z K' H'

in other words, the household needs to compute aggregate capital and labor today K, H
and forecast tomorrow’s aggregate capital and labor K’ and H’. Again, by the definition

of rational expectation, the household knows that the market clearing conditions for capital

15



and labor is
K = /a'(a,s,z)/\(a,s,z) dads (56)

H = /SA(a,s,z)dads (57)

Hence, as long as the household knows the distribution A, he could compute K and H.
Therefore, we could apply the “change-of-variable” trick again and redefine value function

as

Via,s,2,A\) =V (a,s,z,/a’(a, s,z)\(a, s, 2) dads,/sA(a,s,z) dads) (58)
and rewrite the value function as

V(a,s,z,\) = maxu(c) + 3 Z V(d,s', 2, NYP(Z, s, Nz, s, \) (59)

c,a’
ZI7S,,A/

To characterize P(2',s',A’'|z, s, A), we need a law of motion for the distribution A:
N(a,s, z) = /1{al(a, s,z,N) = a}n(s, 2|8, 2)A(a, 8, 2) dadsdz (60)

This object is difficult to characterize, and Krusell and Smith (1998) proceed by using a
temporary equilibrium—the optimal solution under a perceived law of motion for aggregate
capital and labor—to approximate the rational-expectations equilibrium. However, because
we do not know the exact rational-expectations equilibrium, it is difficult to evaluate the
quality and extent of this approximation. Current research uses methods such as deep
learning and reinforcement learning; see, for example, the work of Yucheng Yang at Zurich

and Jesus Fernandez-Villaverde at Penn.
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